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~bstna-An introduction to a proper mathematical theory of growth of plant commu- 
nities based on a principle of least action is given in the context of linear (i.e., classical) 
and nonlinear allometrics for systems which are allelopathic in the sense of R. H. 
Whittaker. Each species, say of phytoplankton, optimally produces secondary substances 
which are self-inhibiting yet beneficial for all other species. Competition for space, sunlight 
and nutrients is affected by these substances (perhaps hormones) in that their precise 
amounts enter the Volterra equations. It is demonstrated that these species are successional 
and that production of biomass up to the time of fust species extinction, is greater for 
these than for comparable perfectly cooperative systems. This suggests that the evo- 
lutionary paradox of self-toxicity for some symbiotic species may be explained by their 
ability to outgrow nonsymbiotic competitors over the short run (i.e., prior to steady state). 
I. INTRODUCTION 
In 1746, the great scientist P. L. M. de Maupertuis envisaged a theory of vegetative growth 
of plants based on a mathematical optimality principle, which even today still bares his name. 
It is common knowledge that Maupertuis’ Principle of Least Action lies at the foundation 
of every physical theory. However, no such mathematical theory of growth has come into 
existence, either through Maupertuis himself or through any of his intellectual offspring. 
Early workers in the 20th century had tried to apply techniques and principles of physics 
directly to biological systems, but the majority felt such attempts fundamentally at fault. Even 
die-hard reductionists will admit that biological systems reduced to physical principles are 
mathematically intractible. On the other hand, vitalistic thinking is famous for its paucity of 
mathematical detail not to mention experimental difficulties. I feel something in the middle 
range between these alternatives is required for the foundation of a proper mathematical 
theory of growth. 
A theory of vegative growth would be difficult to imagine without the Volterra theory of 
competition between species as its foundation. This is true simply because individual plants 
as well as plant communities must be regarded as a population of competing modular units 
in the sense of Jphn Harper [l]. 
The theory of vegetative growth discribed here makes emplicit use not only of Volterra’s 
ideas but also enbodies Maupertuis’ Principle and generalizes the classical Allomerric Growrh 
Theory of Julian Huxley and Joseph Needham [2,3]. All three of these ideas lie at the 
foundation of our theory. Let us now briefly digress to describe the findings of Huxley and 
Needham. 
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Huxley measured continuous phenotypic characters like, say, length of femur versus total 
weight or height in vertibrates. Linear regression analysis invariably yielded straight lines on 
double log graph paper. Huxley worked with invertibrates too. His work is surveyed in 
Problems of Relative Growth [2]. By contrast, Needham worked with chemicals like 
phosphorous, calcium, glycogen and water, found in embryos of a variety of animals. Again, 
straight line regressions are obtained [3]. Indeed, Needham was so impressed with this he 
thought he had uncovered a “chemical ground plan for development.” 
The linear allometry of Huxley has also found use in forestry where as early as 1944, J. 
Kitteredge discovered the linear regression of the log of the average breast height diameter 
versus the log of the total leaf weight for many species of stands of fairly young conifers [4]. 
Likewise, Patefield and Austin [5] reported that the young sugar beet Beta vulgaris L. satisfies 
allometric growth for leaf weight versus total dry weight. Indeed, there are many examples 
of young plants which satisfy this type of relationship. 
Recent investigations how that allometric relationships may hold for different periods in 
the life cycle of plants. This allometry is derived in quite a different manner, however, 
depending as it does, on the inherent nonlinear aspect of the basic defining differential 
equations. This noncfassical allometry first becomes apparent in the work of Clatworthy and 
Harper [6], in which the growth curves of certain aquatic plants are experimentally derived. 
It is also apparent in the work of Antonelli and Voorhess [7] on coral reef growth. 
It is interesting and significant hat all the examples, linear and nonlinear, may be viewed 
as special cases of a more general theory of allometric growth. Thus, the deposition of 
aragonite calcium carbonate onto the reef skeleton has mathematical similarities with the 
processes of cell wall deposition in plants or with the process of mineralization, where materials 
like latex, lignin, crystalized protein, calcium oxalate, silica, cellulose, hemicellulose and 
callose are deposited in cells of various plant tissues as part of the process of ageing, 
characterized by increasing rigidity, solidification and eventual cell death. This analogy, 
therefore, may be exploited to derive allometric laws for total amounts of cellulose, pectin, 
or lignin occuring in paranchyma, collenchyma and secondary xylem of trees, aquatic plants 
and even herbs. Instead of different species of coral depositing aragonite onto the reef, we 
imagine different types of “production units,” depositing the cell wall building materials. It 
is known that cell wall deposition occurs uniformly within each individual cell and that 
production units may be entire metabolic processes or sites on precursor molecules or even 
the cells themselves. Likewise, in the case of mineralization, inert materials like calcium 
oxalate, silica and latex are hypothesized to be produced at a constant rate with different units 
producing different minerals. The various units involved compete for substrate as part of the 
normal process of cell growth and multiplication. 
2. LINEAR AND NONLINEAR ALLOMETRICS 
Let us consider some explicit examples. 
2. I. Classical altometrics for lignin and cellulose production in conifers 
Let y’ be total weight of lignin (i = 1) and of cellulose (i = 2). Let N’ be the total number 
of cells in secondary xylem (i = 1) in a single species of conifer (say, jack pine) and in the 
totality of leaves (i.e., needles) (i = 2). Write 
to express the constancy of the rate of production of lignin by secondary xylem cells and of 
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cellulose by leaf cells. We further postulate exponential growth of both cell types 
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dN'_ j N’ 
dt ‘(1) * 
i = l,2. 
Clearly, 
N’ = Nb e”cf )’
and 
1.N’ 
y’ = (I) &It II, i= l,2. 
AU) 
From these. we obtain the formulas 
In(y) = A,,+ + ln 
[ 1 ‘(ly -. 0)
Hence, 
42,% = j- ln(y*) - k In 7 
0) (2) [ 1 42) 
InCv2) =  InO,‘) +Constant, 
Thus, we obtain allometry between the amount of lignin in the secondary xylem and the 
amount of cellulose in the leaves. If we accept that the total amount of cellulose is directly 
proportional to the total leaf weight and that lignin represents 25%-30x of total xylem tissue, 
the cylindrical shape of conifers will allow us to translate our derived allometry to that 
obtained by Kitteredge in 1944 for the B.H.D. versus total leaf weight for eight species of 
young conifers [4]. 
2.2. Nonlinear allometrics for certain aquatic plants 
In J. Harper’s treatise on the population biology of plants and in [6], three phases of plant 
growth are reported for each of three species of Lemna and one aquatic fern, grown under 
laboratory conditions in glass beakers. These phases are described as exponential (Phase I), 
followed by a period of arithmetic increase in which each beaker gains a constant addition 
of fronds per unit time (one week) (Phase II) and, finally, the steady stale in which the number 
of new fronds is balanced by the death of fronds already present (Phase III). We will discuss 
growth in Phase I and II only; the third phase involving environmental conditions is not 
considered here. 
Let x = In y, y = total biomass of Lemna (i.e., dry weight) in a given beaker. The system 
is described by 
dx 
I-: 
dr = IN 
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where N is the number of new fronds per unit time. This system F gives nearly straight 
lines in all four cases. Typically, the data graph like Fig. 1. The biomass equation is 
y = (b. e” + l)““, so that for large t, y zz b. e”‘. 
During Phase II, Clatworthy and Harper found the system to be in homeostasis with 
N = No = K. Furthermore, using the approximation above, it is clear that for 
dx’ 
- = I,,N’ 
dt 
allometry holds, for large r, between x’ = ln(y ‘) and x2 = ln(y’). Letting N’ = number of new 
cells per week in epidermis of Lcmna, N2 = number of new cells per week in cortex of Lemna; 
x’ = log of total weight of cellulose in cortex; x2 = log of total weight of pectin in cortex, 
we obtain allometry for y ’ and y2 for large enough t. We do not know if this actually holds 
for Lemno or not. 
Now since it is true that a logistic is generally a better model for cell culture growth than 
an exponential, we might try to apply the above (unlinked) model to a plant for which 
amounts of cellulose and pectric substances are known. Such a plant is A&m cepa, the onion. 
According to graphs of Cutter [8], the total amount of cellulose in the cortex Seems 
allometrically related to the total amount of pectin in the cortex of this plant root. 
3. COUPLED SYSTEMS: ACTIVE AND PASSIVE 
The assumption in the (unlinked) model is that the cortex and epidermis or the tree trunk 
xylem and the leaf petioles are independent, noninteracting systems. This is not necessary for 
the allometry, however. We are able to design optimal growth models, passive or active, which 
Nonl inear  a l lometr i c  g rowth  377 
allow for (quasi) competitions between tissues for the materials for growth assumed to be in 
a common pool. The passive system is the same, mathematically, as the coral reef system [7]. 
r :  
dx i  ~ N i -d-: 
dN ~ 
dt  = - r j~N~S'  + r~N~ 
i= l . . .n ,  
(3.1) 
where  F i  / - ~i,  i _ i _ i _ i r , j  - r ;  - - ~j ( i  # j ) ;  = F~ - ct, (i # j )  and Fjk = 0 (i # j  # k). 
It is required that ?~ have all real eigenvalues and it is no loss of modelling generality to 
suppose these are all equal to 2. In this case, the combined system is derivable from 
Maupertuis' Principle. 
5f.Yds =0 
with s =e-a ' ;  .Z = ~e:("~)rdVWL Furthermore, a nonlinear allometric law holds for F 
Theorem (Antonelli-Voorhess). As t---,oo, the solutions of F asymptotically satisfy the 
classical allometric law, 
y~ = po(yi)~d%, (3.3) 
where P~j is a constant matrix [7]. The active system we shall study is called perfectly 
symbiotical. It is one in which the self-inhibition takes the specific form of toxin production. 
Each allelopathic species produces a toxin which is self-inhibiting, but is nevertheless 
benificial to all other species [9]. Thus, the toxins are akin to "waste products" which 
"fertilize" all the other systems in the community. Some planktonic communities have this 
property [9]. We prove that perfectly symbiotical systems produce more biomass by the time 
of first extinction than perfectly cooperative systems of [10]. The coefficients for this system 
are given by 
( ,)) = 2v  x ' -  x , i 
\ \ i , j  I I  ~F'. 
vF ;  = - -  (X i - -  2V  X j ~ X i , 
\ ~ j# i  / /  
vF~k = 0 ,  
i ~ j  
i~ j~k  
(3.4) 
If we write, 
ct'~ = at i - 2v X j - -  X i , 
k j# i  
then the above system of  coefficients is the same as for the basic passive system with ~t; 
replaced by ~ti. Indeed, when v = O, ct~ = ~ti. One checks that the equilibrium of  ,F is 
(3.5) 
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for x i fixed or slowly varying. Also note that ~ > 0, for all i. Now, as in Part I of  this series, 
we are interested in the hypersurfaces 
ct~=0, i= l . . .n  (3.6) 
for v small and positive. There are two distinct cases to consider. The first is n = 2 and the 
second is n >_ 3. For the second case, it will suffice to consider n = 3. 
The case n = 2. There are two straight lines in this case, namely, 
aV~ 
X 2 --X I = nt._~ I 
2v 
X I _ x 2 = ~t2 
2v 
(3.7) 
There are nonintersecting parallel lines with slope one in the x t, x :  plane. The equilibrium 
values of  N t and N 2 on these one dimensional hypersurfaces are/g~ = 0 on a~ = 0; 
/~2 = 2 
~2 - 2v(x  ~ - x 2) 
on a~ = 0, and 
~, - 2v(x  2 - x ~) 
on a~ = 0. From the fact that /g i  ~ 0 implies x i monotone increasing, we see that/g~---,0 as 
x t increases on ~t~ = 0 and/g:---~0 as x :  increases on ~t[--0. So, the populations die out in 
either case, if ~ i  -- 0 is a stable equilibrium. That stability holds follows as in the case of  the 
perfectly cooperative system in Part I [10, see 11 also]. Since v is small, we know trajectories 
are close to those of  the passive case and so each must intersect either at -- 0 or at = 0, but 
not both. This happens in a finite time since v ~ 0. But, as in the perfectly cooperative case, 
the logistic character of  the reduced system (i.e., one with either 0tl = 0, N ~ = 0 or ~t~, N z = 0) 
implies the demise of  the remaining species takes an infinite time. Thus, in a finite time one 
or the other species is eliminated and the remaining species goes extinct because of  its own 
production of  a self-inhibiting toxin, or waste product. However, there is exactly one 
trajectory out of  the origin for which no extinctions occur. Since v is small, these are close 
to straight lines and so the closer the initial conditions to x t = x 2, N t -- N 2, the longer the 
time unit extinction. In the case x ~ = x 2, the equilibrium reduces to that of  the passive system 
and persists forever. But, the probabil ity that this case will actually occur is close to zero. 
The case n = 3. The hypersurfaces a~ = 0, i --- 1, 2, 3 have the form 
av~ 
-x l  + x~+ x3=~ 
2v 
x j - x 2 + x 3 --- ~ (3.8) 
2v 
xt .+. x2_  x3 = ~_2 
2v 
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The unique solution is a single point 
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X 1 -~. 
4v 
~] -t-~t 3
X.:. X2 ----- 4v 
oe] q-cx 2 
• X3 = 4v 
The planes -x  ~ + x 2 + x 3 = cq/2v and x ~ - x 2 + x 3 = ct2/2v intersect in a line passing through 
X., but whose projection onto the X ~, X 2 plane is 
-x  I + x2 = cq - ~t 2 (3.10) 
4v 
Likewise, consideration of the remaining two distinct pairs of planes yields lines which, taken 
together with the first, constitute the edges of a piecewise linear hemisphere of dimension two. 
That is to say, the three edges are those of a pyramid with apex X. .  Although this 
pL-hemisphere does not describe the entire extinction picture of the three species, it is 
important because for small v a trajectory must intersect it and when this occurs the 
dimension of vF drops by one and a new extinction picture emerges. 
The (n - 1)-dimensional pL-hemisphere arises for the n-species case in a similar fashion. 
It is significant hat for n > 3, there is no trajectory which yields a nontrivial equilibrium for 
,~  independent of the x i. This is in sharp contrast o the case of n = 2, where x ~ = x 2 is such 
a trajectory. However, the reduction of dimension as a trajectory intersects the pL-hemisphere 
eventually results in the case n = 2. Therefore, we expect all species to go extinct in finite time 
save one, which takes longer. Moreover, for n > 3, the extinction times are bounded and the 
bound is independent of the trajectory. This is not true for n = 2. 
At this point we remark that because of the intrinsic asymmetry, there is no natural unique 
choice of coefficients for the predator equation for the two prey, one predator systems of [1 1] 
in the context of the perfectly symbiotical system, as there was for the perfectly cooperative 
system of [10]. However, for the case of two predators there is a natural and unique choice, 
for future study. 
Finally, we should like to compare the biomass production of perfectly symbiotical systems 
with that of the perfectly cooperative ones. We give the argument for n = 3 only. The 
boundary of the pL-hemisphere is given by setting successively x~= 0, x2= 0, x3= 0 in the 
equation 
X I ..~- X2  .-[- X3  = ~tl -lt- ~2 -['- 0~3 
2v (3.11) 
Yet, the hypersurfaces ~ = 0, i = 1, 2, 3 (with perhaps not all ~ti equal) for the perfectly 
cooperative system of dimension three have boundaries given by setting successively x ~ = 0, 
x2= 0, x3= 0 in the equations 
0C ixJ+xZ+x3=~v, i = 1,2,3. (3.12) 
So clearly, because 0t i > 0, i = 1, 2, 3, a trajectory with small v > 0 will intersect, or at least 
approach, a perfectly cooperative hypersurface before it will the 2-simplex defined by the 
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convex closure of the boundary of the pL-hemisphere, and hence the hemisphere itself. 
Therefore, for small v > 0, the biomass accumulated, asmeasured by Euclidean distance from 
the origin, up to the time of first extinction (for both systems taken together) is greatest for 
perfectly symbiotical systems, n > 3. The concept of time of first extinction is defined 
regardless of whether or not all ` 'n are equal and always makes sense for n > 3. For n = 2, 
with ` 'i = "2, there is exactly one trajectory for which extinction does not  occur. Whether or 
not extinction occurs, the produced biomass will exceed that yielded by, n = 2, perfectly 
cooperative systems. 
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